A note on sigular time of mean curvature flow by Chen, Jingyi & He, Weiyong
ar
X
iv
:0
81
0.
38
83
v1
  [
ma
th.
DG
]  
21
 O
ct 
20
08
A NOTE ON SINGULAR TIME OF MEAN CURVATURE FLOW
JINGYI CHEN AND WEIYONG HE
Abstract. We show that mean curvature flow of a compact submanifold in a com-
plete Riemannian manifold cannot form singularity at time infinity if the ambient
Riemannian manifold has bounded geometry and satisfies certain curvature and
volume growth conditions .
1. Introduction
Mean curvature flow develops singularities if the second fundamental forms of the
time dependent immersions become unbounded. It is well known that mean curvature
flow of any closed manifold in the Euclidean space develops singularities in finite time.
This follows from a maximum principle and barrier argument. In this note, we show,
using integral estimates, that mean curvature flow cannot form singularity at t =∞
for a class of ambient Riemannian manifolds. More precisely, we prove
Theorem 1.1. Let Σn be a compact manifold and let Mm be a complete Riemannian
manifold with bounded geometry. Suppose that F (t) : Σ→M satisfies mean curvature
flow for t ∈ [0, T ) and T is the first singular time. If (M, g) is Ricci parallel with
nonnegative sectional curvature, and its volume growth satisfies
(1.1) V ol(Bp(R)) ≥ cRm−n+ǫ
for R > R0, where ǫ, c, R0 are fixed positive constants and Bp(R) is the geodesic ball
at p ∈M , then T has to be finite. In particular, if (M, g) is analytic, then either the
mean curvature flow F : Σ→ M develops a finite time singularity, or it converges to
a compact minimal submanifold in (M, g).
A rescaling process is usually applied when singularities are forming. A sequence
of rescaled flows may, however, move to infinity in Rm and fail to form a limit.
Particularly, this may happen at type-II singularities if one scales the flow by the
maximum length of the second fundamental forms at a sequence of times approaching
to the first blow up time. To get compactness, one may consider the geometric limits
for mean curvature flows, in the sense of Cheeger-Gromov, as Hamilton did for the
Ricci flow [6].
The first authors is partially supported by NSERC, and the second author is partially supported
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For mean curvature flow, the lower bound on the injectivity radius follows, unlike
the Ricci flow, from the bound of the second fundamental form A. The curvature of a
submanifold in the flow is also bounded if A is bounded, by the Gauss equation. The
smoothness estimate for mean curvature flows [3] ensures that all higher derivatives
of the second fundamental form are bounded when A is bounded. These enable one
to construct a limiting mean curvature flow for a sequence of rescaled flows with a
uniform bound on the second fundamental forms. We present a detailed analysis on
constructing ancient solutions at any singularity and eternal solutions at a type II
singularity, although the result (cf. Theorem 2.4) is known, as the results and the
arguments will be used in proving Theorem 1.1.
Combining the geometric limit construction with Hamilton’s monotonicity formula
[4] for mean curvature flow and Li-Yau’s heat kernel estimates [9], we find an upper
bound for the first singular time T in terms of volume, and then the volume growth
condition imposed on M rules out formation of singularity at infinity.
Acknowledgement: Both authors would like to thank Albert Chau for valuable
discussions.
2. Geometric limit along mean curvature flow
Geometric limits of Riemannian manifolds and geometric limits along the Ricci flow
are well developed, see [6], [10]. Since we will use the geometric limits in the formation
of singularities along the mean curvature flow in an essential way, we include some
basic facts for completeness.
In this section we do not need to assume the Riemannian manifolds be compact.
Definition 1. Let (Mk, gk, xk) be a based complete Riemannian manifold for each
positive integer k. A geometric limit of the sequence {Mk, gk, xk} is a based complete
Riemannian manifold (M∞, g∞, x∞) such that:
(1) there exists an increasing sequence of connected open subsets Uk of M∞ ex-
hausting the manifold M∞, namely M∞ = ∪Uk and Uk satisfy (a) Uk is compact, (b)
Uk ⊂ Uk+1, (c) x∞ ⊂ Uk, for all k.
(2) for each k there exists a smooth embedding ϕk : (Uk, x∞)→ (Mk, xk) such that
ϕk(x∞) = xk and
lim
k→∞
ϕ∗kgk = g∞,
where the limit is in the uniform C∞ topology on compact subsets of M∞.
Similarly, we can define a geometric limit of a sequence of immersions.
Definition 2. Let Fk : (Σk, xk)→ (N, g, p) be a sequence of immersions with Fk(xk) =
p ∈ N , where (N, g) is a fixed Rimennian manifold. A geometric limit of the sequence
is an immersion F∞ : (Σ∞, x∞)→ (N, g, p) such that:
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(1) there exists an increasing sequence of connected open subsets Uk of Σ∞, which
exhaust the manifold Σ∞, namely Σ∞ = ∪Uk, and satisfy the following for all k: (a)
Uk is compact, (b) Uk ⊂ Uk+1, (c) x∞ ⊂ Uk.
(2) for each k there exists a smooth embedding ϕk : (Uk, x∞) → (Σk, xk) such that
ϕ(x∞) = xk and
lim
k→∞
Fk ◦ ϕk = F∞,
where the limit is in the uniform C∞ topology on compact subsets of Σ∞. In particu-
lar, (Σ∞, x∞, F
∗
∞g) is a geometric limit of the sequence (Σk, xk, F
∗
k g) as Rimmennian
manifolds.
A basic fact of geometric limit of Riemmanian manifolds is the following, which is
the C∞ version of the classical Cheeger-Gromov compactness.
Theorem 2.1. (Cheeger-Gromov) Let (Mk, gk, xk) be a sequence of connected and
based Riemannian manifolds. Suppose that
(1) for every R < ∞, the ball B(xk, R) has compact closure in Mk for all k suffi-
ciently large;
(2) for each integer l ≥ 0 and each R < ∞, there is a constant C = C(l, R) such
that ∣∣∇lRm(gk)∣∣ ≤ C
on B(xk, R) for all k sufficiently large;
(3) there is a constant δ > 0 such that inj(Mk ,gk)(xk) ≥ δ for all k sufficiently large.
Then after passing to a subsequence there is a geometric limit {M∞, g∞, x∞} which
is a complete Riemmanian manifold.
The proof of the above theorem is quite standard (cf. [10]). For evolution equations
such as the Ricci flow or the mean curvature flow, estimates on the higher derivatives
of the curvature are the consequence of the curvature bound, by the smooth estimate.
So the key assumption is that the curvature bound and the injective radius bound.
For an immersion, however, a lower bound on injectivity radius follows from an upper
bound on the second fundamental form A.
A Riemannian manifold (M, g) has bounded geometry if the injectivity radius, the
curvatures and the derivatives of the curvatures are uniformly bounded.
Proposition 2.2. Suppose that
F : Σ→ (M, g)
is an immersion where the ambient space (M, g) is a fixed smooth Riemannian man-
ifold with bounded geometry. Suppose that for each l ≥ 0, there exists a constant
C = C(l) such that
∣∣∇lA∣∣ ≤ C, where ∇ is the covariant derivative of (Σ, F ∗g).
Then the injectivity radius of (Σ, F ∗g) is uniformly bounded from below by a positive
constant.
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Proof. We argue by contradiction. Suppose that there exist a sequence of immersions
Fi : (Σi, xi)→ (M, g, Fi(xi))
with second fundamental forms Ai and all their higher derivatives bounded by con-
stants independent of i, but the injectivity radius ιi at xi ∈ (Σi, F ∗i g) goes to zero.
Consider the sequence
Fi : (Σi, xi)→
(
M,
1
ι2i
g, Fi(xi)
)
.
Then
(
Σi, F
∗
i
(
ι−2i g
)
, xi
)
is a sequence of Riemmannian manifolds with bounded cur-
vature and all higher derivatives of the curvature are also bounded, by Gauss equation
for submanifolds and that (M, ι−2i g) has bounded geometry and |∇lAi| ≤ C(l). The
injective radius of (Σi, F
∗
i (ι
−2
i g)) at xi is 1. Hence (Σi, gi, xi), where gi = F
∗
i ({ι−2i g),
converges in C∞ topology in the sense of Cheeger-Gromov to a geometric limit
{Σ∞, g∞, x∞}, by Theorem 2.1. So there exists an exhausting sequence of relatively
compact open subsets Ui of Σ∞ and a sequence of C
∞ embeddings ϕi such that
ϕ∗i gi → g∞ in C∞ topology on every compact subset of Σ∞. In particular the injec-
tivity radius at x∞ is equal to 1. To see this, note that the injectivity radius is equal
to the minimum of the conjugate radius and half of the shortest geodesic loop. In our
case, since the curvature of gi goes to zero when i→∞, the conjugate radius goes to
infinity. Hence, there is a geodesic loop li through xi in (Σi, gi) with length 2. Then
ϕ−1i (li) is a sequence of loops through x∞ with length converging to 2. It follows that
the injective radius at x∞ is less than or equal to 1. It is clear that the injectivity
radius at x∞ cannot be strictly less than 1 as the injectivity radius of (Σi, gi) at xi is
1.
Note that
(
M, ι−2i g, Fi(xi)
)
converges to the standard Euclidean space (Rm, dx2, 0)
in C∞ topology on every compact subset. Namely, there exists an exhausting rel-
atively compact open subsets Vi of R
m and a sequence of C∞ embeddings φi such
that φ∗i
(
ι−2i g
)
converges to dx2 on every compact subset of Rm with φi(0) = Fi(xi).
Consider the immersions
F˜i = φ
−1
i ◦ Fi ◦ ϕi : (Σ∞, x∞)→ (Rm, 0).
The second fundamental forms A˜i of F˜i are uniformly bounded and all their higher
derivatives are bounded as well (actually all go to zero), independent of i. Hence F˜i
converges in C∞ topology on compact sets, as a geometric limit, to an immersion
F∞ : (Σ∞, x∞)→ (Rm, 0).
In particular, we have F ∗∞dx
2 = g∞. This statement is known, however, we include a
proof here for completeness. First note that the injectivity radius at x∞ is 1, consider
the geodesic ball B1(x∞) in (Σ∞, g∞), which we can identify with the standard Eu-
clidean ball B1(0) ⊂ Rn through the exponential map expx∞ . Consider the sequence
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of immersions
F˜i ◦ expx∞ : B1(0)→ Rm, F˜i(0) = 0.
We know that the second fundamental forms of the immersions F˜i ◦ expx∞ are uni-
formly bounded, this means that the Hessian of the mappings F˜i◦expx∞ are uniformly
bounded. Also all the higher derivatives of the second fundamental forms, therefore of
the mappings F˜i ◦ expx∞ , are uniformly bounded. It follows that F˜i ◦ expx∞ converges
in B1/2(0) to a smooth map F˜∞ : B1/2(0)→ Rm by Arezella-Ascoli Theorem. We can
construct
F∞ = F˜∞ ◦ exp−1x∞
in B1/2(x∞). To show that we have a limit map F∞ on whole manifold Σ∞, we
use the geodesic balls to cover the manifold Σ∞. Note that for any y ∈ Σ∞, the
injectivity radius is bounded from below by d(x∞, y) since the curvature is uniformly
bounded. The argument then follows from the standard argument of geometric limit
of Riemmanian manifolds by diagonal process. The reader can refer to [6], [10] for
full details of the argument.
The second fundamental form A˜∞ of the complete submanifold F∞(Σ∞) is zero
because
|A˜i|2gi = ι−2i |Ai|2F ∗i g → 0, as i→∞.
This implies that (Σ∞, x∞) is a smoothly immersed totally geodesic submanifold of
R
m, hence (Σ∞, g∞) has to be Euclidean itself. But this contradicts that injectivity
radius of x∞ is equal to 1. 
By the smoothness property of the mean curvature flow [3] (the proof holds for
general codimension) and Proposition 2.2, we can get a compactness property along
the mean curvature flow with bounded second fundamental form, similar to the result
of Hamilton [6] in the Ricci flow.
Theorem 2.3. Fix −∞ ≤ T ′ ≤ 0 ≤ T ≤ ∞ with T ′ < T . Let {Σk, Fk, xk} be a
sequence of based mean curvature flows with
Fk(t) : Σk → Rm, Fk(xk, 0) = 0.
Suppose that the lengths of the second fundamental forms Ak of Fk are uniformly
bounded above by a constant C independent of k and time t. Then there exists a subse-
quence of {Σk, Fk, xk} which converges to a mean curvature flow {Σ∞, F∞(t), (x∞, 0)}
as a geometric limit, where
F∞(t) : Σ∞ → Rm, F∞(x∞, 0) = 0, t ∈ (T ′, T ),
and (Σ∞, F
∗
∞(t)dx
2) is a complete Riemannian manifold.
Proof. The proof essentially follows Hamilton’s argument [6] for the Ricci flow. By
Proposition 2.2, the injective radius of (Σk, Fk(t)
∗(dx2)) at any point is uniformly
bounded, independent of t and k. Along the mean curvature flow, the smoothness
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estimate holds, hence all the higher derivatives of the second fundamental forms Ak
of Fk are uniformly bounded because |Ak| are uniformly bounded above. Fk satis-
fies the mean curvature flow equation, it follows that all the derivatives of Fk with
respect to time t are also uniformly bounded. Consider the Riemannian manifolds
(Σk, Fk(0)
∗(dx2), xk). By the assumption, this sequence has uniformly bounded injec-
tive radius and uniformly bounded curvature and their higher derivatives. It follows
that it sub-converges to a complete Riemannian manifold (Σ∞, g∞, x∞). For any
fixed time T
′ ≤ t1 < 0 < t2 ≤ T and a fixed constant R, take a geodesic ball
B2R(x∞) ⊂ (Σ∞, g∞, x∞). For k sufficient large, we can find an embedding
φk : B2R(x∞)→ Σk
such that φk(x∞) = xk. Define
F˜Rk (t) = Fk(t) ◦ φk : B2R(x∞)→ Rm.
Note φi is time independent. Consider the sequence of immersions
F˜Rk : B2R(x∞)× [t1, t2]→ Rm
with F˜Rk (x∞, 0) = 0. For simplicity, we can assume that 2R is less than the injective
radius and then by using the exponential map, we can identify B2R(x∞) with the
Euclidean ball, as we did in Proposition 2.2. It follows that all derivatives of F˜Rk , as
an mapping from B2R(x∞)× [t1, t2] to Rm with F˜Rk (x∞, 0) = 0, are bounded. By the
classical Asscoli theorem, it sub-converges to a smooth mapping
FR∞ : BR(x∞)× [t1, t2]→ Rm.
If 2R is larger than the injective radius, one applies the covering argument as in [6] to
show the convergence in the geodesic ball BR(x∞). Now we let R→∞, t1 → T ′, t2 →
T and apply a standard diagonal sequence argument to obtain a limiting immersion
F∞ : Σ∞ × (T ′, T )→ Rm.
It is clear that F∞(x∞, 0) = 0 and F∞ satisfies the mean curvature flow equation. 
Let F (t) : Σn → (M, g) be a smooth mean curvature flow solution of a compact
manifold Σ in a smooth Riemannian manifold (M, g). We can use the results above
to form a geometric limit along the mean curvature flow by re-scaling process.
Theorem 2.4. Let (M, g) be a complete Riemannian manifold with bounded geom-
etry. If T is the first singular time of the mean curvature flow F (t) : Σ → (M, g).
Then there exists (xi, ti) and Ai →∞ such that
Fi(x, s) = F
(
x,
s
A2i
+ ti
)
→ (M,A2i g)
is a sequence of mean curvature flow solutions, and it sub-converges to an ancient
mean curvature flow solution for s ∈ (−∞, 0], F∞(s) : Σ∞ → Rm with |A∞(x, s)| ≤
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|A∞(x∞, 0)| = 1, F∞(x∞, 0) = 0. If the singularity is of type II, F∞(s) can be con-
structed as an eternal solution. In particular, when (M, g) = (Rn, dx2), Σ∞(t) has at
most Eucliden volume growth.
Proof. Suppose that T is the first singular time. For t < T , denote
A(t) = max
p
|A(p, t)|.
There exist (xi, ti) such that ti → T and
Ai = max
t≤ti
A(t) = |A(xi, ti)| → ∞.
Consider the sequence of flows defined by
Fi(x, s) = F
(
x,
s
A2i
+ ti
)
: Σ→ (M,A2i g)
for (x, s) ∈ Σ× [−A2i ti, 0]. It is clear that Fi(s) is still a mean curvature flow solution
with |Ai(s)| ≤ 1. Set the marked points to be qi = F
(
xi,
s
A2
i
+ ti
)
. It is clear that
(M,A2i g, qi) sub-converges to the standard Euclidean space (R
m, dx2, 0) when i→∞
since (M, g) has bounded geometry.
At s = 0, the sequence of Riemannian manifolds (Σ, Fi(0)
∗(A2i g), xi) sub-converges
smoothly to a Riemannian manifold (Σ∞, g∞, x∞) in the Cheeger-Gromov sense. So
there exists a sequence of exhausting relatively compact open subsets Ui of Σ∞ and
there is a sequence of C∞ embedding
ϕi : Ui → (Σ, Fi(0)∗(A2i g)), ϕi(x∞) = xi.
There also exists a sequence of exhausting relatively compact open subsets Vi of R
m
and a sequence of C∞ embeddings
φi : Vi → (M,A2i g), φi(0) = Fi(xi, 0)
such that φ∗i (A
2
i g) converges to dx
2 on every compact subset of Rm.
For any fixed s0 ∈ (−∞, 0), we can take Vi such that for any s ∈ [s0, 0], φ−1i ◦Fi(s)◦
ϕi(Ui) ⊂ Vi, and then we define
F˜Ri (x, s) = φ
−1
i ◦ Fi(x, s) ◦ ϕi : Ui → Vi.
For any fix R, by taking i sufficiently large we may assume that Ui contains the
geodesic ball B2R(x∞) in (Σ∞, g∞, x∞). It is clear that
F˜Ri : B2R(x∞) ⊂ (Σ∞, g∞, x∞)→ (Rm, φ∗i (A2i g), 0)
is a mean curvature flow solution with bounded second fundamental form. By the
smoothness property of mean curvature flow, all the higher derivatives of F˜k and the
derivatives with respect to time are also bounded. Note that the chosen subsequence
φ∗i (A
2
i g) converges to the Euclidean metric dx
2 on Rm when i goes to infinity. Hence
the ambient metrics are all equivalent on any fixed compact subset, especially on
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BR(x∞). Then we apply the argument in Theorem 2.3 to conclude that the sequence
F˜i sub-converges to an immersion
FR∞ : BR(x∞)× [s0, 0]→ (Rm, dx2)
with bounded second fundamental form and its higher derivatives in BR(x∞)× [s0, 0].
Now letting R→∞, we obtain a limiting immersion
F∞ : Σ∞ × [s0, 0]→ (Rm, dx2).
Since φi converges to an isometric embedding independent of time, it is clear F∞(s)
still satisfies the mean curvature flow equation. Taking s0 → −∞, we can get an
ancient solution of mean curvature flow
F∞ : Σ∞ × (−∞, 0]→ Rm.
It is clear that F∞(x∞, 0) = 0, and |A∞(x, s)| ≤ |A∞(x∞, 0)| = 1.
If the mean curvature flow develops a type II singularity at T , one can follow
Hamilton’s work on Ricci flow [7] to construct an eternal solution along the mean
curvature flow .
The statement that Σ∞(t) has at most Euclidean volume growth holds in more
general setting. See section 3 for more details of the proof. 
When n = 2 and H∞ ≡ 0, we have the following
Proposition 2.5. Let F (t) : Σ→ Rm be a smooth mean curvature flow of a compact
2-dimensional surface Σ on [0, T ). Let Σ∞(s) be the geometric limit of F (t) as in
Theorem 2.4. If H∞ ≡ 0, then Σ∞ has finite total curvature.
Proof. A complete minimal surface in Rm for arbitrary m ≥ 3 has finite total curva-
ture if and only if it is of finite topological type and has quadratic area growth [2]. A
surface is of finite topological type if it has finite genus and finitely many ends.
First, by Theorem 2.4, the area growth of Σ∞ is at most quadratic.
Second, we show that Σ∞ has finite genus. Since Σ∞ is a geometric limit of Σ after
suitable blowing up, there exists a sequence of exhausting open subsets Uk of Σ∞ and
a sequence of embeddings ϕk such that
ϕk : Uk → ϕk(Uk) ⊂ Σ
is a diffeomorphism for each k. Then the genus of Uk is less than or equal to that of
Σ. Therefore Σ∞ has only finite genus since the sequence {Uk} exhausts Σ∞.
Finally, we claim that Σ∞ has only finitely many ends. For any fixed p ∈ Σ∞,
consider Σ∞\BR(p), where BR(p) is Euclidean ball in Rm. Let nR denote the number
of the disjoint components in Σ∞\BR(p). If Σ∞ has infinite many ends, then nR →∞
when R→∞. On each component, we can pick up a point xi such that the Euclidean
distance d(xi, p) = 2R for i = 1, · · · , nR. We know
BR(xi) ∩ BR(xj) = ∅
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if i 6= j. Now consider Σ∞ ∩B3R(p), then we know that
Σ∞ ∩
nR⋃
k=0
BR(xk) ⊂ Σ∞ ∩B3R(p),
where x0 = p. From the monotonicity formula on the area ratio for minimal surfaces
in Rm,
area(Σ∞ ∩BR(xi)) ≥ πR2
for i = 0, 1, ..., nR. It follows that
area(Σ∞ ∩B3R(p)) ≥ (nR + 1)πR2.
However, we know that Σ∞ has at most Euclidean volume growth, it follows that
area(Σ ∩ B3R(p)) ≤ C(3R)2.
But this contradicts with nR →∞. It follows that Σ∞ has finite many ends.
Therefore, we have shown, by [2], that Σ∞ has finite total curvature∫
Σ∞
K = 2πl <∞
where K is the Gauss curvature of Σ∞, l is an nonnegative integer, and the equality is
a classical result of Osserman on complete minimal surfaces with finite total curvature,
and Σ∞ is conformally diffeomorphic to a closed Riemann surface punctured in a finite
number of points [11]. 
3. Finite time singularity
Now we assume that (M, g) is Ricci parallel with non-negative sectional curvatures.
Hamilton [4] derived a monotonicity formula for the mean curvature flow with non-
flat ambient space as follows. Note that this coincides to the renowned monotonicity
formula derived by Husiken when (M, g) is Euclidean [8]. Let k be a solution of the
backward heat equation in [0, T ),
∂
∂t
k = −△Mk.
Hamilton calculated that
d
dt
(T − t)(m−n)/2
∫
Σ(t)
kdµ = −(T − t)(m−n)/2
∫
Σ(t)
∣∣∣∣∣
(
H − Dk
k
)⊥∣∣∣∣∣
2
kdµ
−(T − t)(m−n)/2
∫
Σ(t)
gαβ
(
DαDβk − DαkDβk
k
+
1
2(T − t)kgαβ
)
dµ.
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If M is Ricci parallel with non-negative positive sectional curvatures, Hamilton can
show that the matrix in the last integral is non-negative by the Harnack inequality
[5]. It follows that
(T − t)(m−n)/2
∫
Σ(t)
kdµ
is non-increasing. To use the monotonicity formula of Hamilton in an effective way,
we need some properties about the positive solution of the backward heat equation,
which are proved by Li-Yau [9] . One can also find the proof in Schoen-Yau [12].
Lemma 3.1. Let M be a complete manifold with non-negative Ricci curvature. Let
u be a positive solution of the backward heat equation in [0, T )
∂
∂t
u = −△Mu
with
∫
M
u ≡ 1 and u(T ) is the δ function centered at p. Then we have
(1).
c(T − t)m/2 ≤ u(x, t)
when t→ T and d(x, p) ≤ √T − t.
(2). For t > 0 and x ∈M , we have
u(x, T − t) ≤ C(δ,m)V ol−1/2p (
√
t)V ol−1/2x (
√
t) exp
(
− d
2(x, p)
(4 + δ)t
)
.
Now we are in the position to prove Theorem 1.1.
Proof. Keep the same notations as in Theorem 2.4. Suppose that T = ∞ is the
first singular time. This means that the flow exists for all time and as time ap-
proaches infinity the second fundamental form becomes unbounded. Denote A(t) =
maxp |A(p, t)|. There exist (xi, ti) such that ti → ∞ and Ai = maxt≤ti A(t) =
|A(xi, ti)| → ∞ as i → ∞. Denote pi = F (xi, ti) . By Theorem 2.4 we can con-
struct an ancient solution of mean curvature flow
F∞(s) : Σ∞ → Rm
for s ∈ (−∞, 0], where F∞(x∞, 0) = 0.
Now we consider the volume growth of Σ∞(0). For any R fixed, we have
(3.1)
∫
Σ∞(0)∩BR(0)
dµ∞(0) = lim
i→∞
∫
Σi(0)∩BiR(pi)
dµi(0),
where BR(0) is the radius R ball in R
m, while BiR(pi) is the radius R ball in (M,A
2
i g).
It is clear from the rescaling process that
(3.2)
∫
Σi(0)∩BiR(pi)
dµi(0) =
∫
Σ(ti)∩BiR
Ai
(pi)
Ani dµ(ti),
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where BiR
Ai
(pi) is the radius
R
Ai
ball in (M, g). By Lemma 3.1 (1), we have
∫
Σ(ti)∩BiR
Ai
(pi)
Ani dµ(ti) = R
n
∫
Σ(ti)∩BiR
Ai
(pi)
1
Rn/Ani
dµ(ti)
= Rn(Ti − ti)(m−n)/2
∫
Σ(ti)∩BiR
Ai
(pi)
1
(Ti − ti)m/2 dµ(ti)
≤ CRn(Ti − ti)(m−n)/2
∫
Σ(t)
ki(x, ti)dµ(t0),(3.3)
where Ti =
R2
A2
i
+ ti and ki(x, t) for t ∈ [0, Ti] is the solution of the backward heat
equation
∂
∂t
ki = −△Mki
with
∫
M
ki ≡ 1 and ki(x, Ti) is the delta function centered at F (xi, ti). Namely, on
(M, g) and for each i, the function ki(x, Ti − t) is the fundamental solution of the
forward heat equation with singularity at the point F (xi, ti) in M , for Ti− t ∈ [0,∞).
By Hamilton’s monotonicity formula for mean curvature flow, we know that
(3.4) (Ti − ti)(m−n)/2
∫
Σ(ti)
ki(x, ti)dµ(ti) ≤ T (m−n)/2i
∫
Σ(0)
ki(x, 0)dµ(0).
Note by Lemma 3.1 (2), we have that
(3.5) ki(x, 0) ≤ CV ol−1/2x (
√
Ti)V ol
−1/2
F (xi,ti)
(
√
Ti).
If (M, g) satisfies the volume growth condition (1.1), by (3.4) and (3.5), we get that
(3.6) (Ti − ti)(m−n)/2
∫
Σ(ti)
ki(x, ti)dµ(ti) ≤ CV ol(Σ0)T−ǫi .
Since Ti →∞ when i→∞, by (3.1) – (3.6), we get that
(3.7)
∫
Σ∞(0)∩BR(0)
dµ∞(0) ≤ CT−ǫi V ol(Σ0)Rn.
Since ǫ > 0, the right hand side of (3.7) goes to zero as i → ∞, but this is impos-
sible. It follows that if T is a singular time it must be finite. In other words, if the
mean curvature flow solution F (t) exists for all time, the second fundamental form
is uniformly bounded. In particular, if (M, g) is analytic and there is no finite time
singularity, the mean curvature flow F (t) : Σ → M converges to a compact minimal
submanifold along the flow [13].
When T is finite, one can bound ki(x, 0) in (3.5) in terms of T since (M, g) has
bounded geometry. It follows from (3.1) – (3.5) that Σ∞(0) has at most Euclidean
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volume growth. Note this does not need (M, g) satisfies volume growth condition
(1.1). The proof for any Σ∞(s), s ∈ (−∞, 0] is similar. 
References
[1] J. Y. Chen; J. Y. Li; Singularity of mean curvature flow of Lagrangian submanifolds, Invent.
Math. 156 (2004), no. 1, 25–51.
[2] Q. Chen; On the total curvature and area growth of minimal surfaces in Rn, Manuscripta Math.
92 (1997), no. 2, 135–142.
[3] K. Ecker; G. Huisken; Interior estimates for hypersurfaces moving by mean curvature, Invent.
Math. 105, 547-569 (1991).
[4] R. Hamilton; Monotonicity formulas for parabolic flows on manifolds, Comm. Anal. Geom. 1
(1993), no. 1, 127–137.
[5] R. Hamilton; A matrix Harnack estimate for the heat equation, Comm. Anal. l Geom. 1 (1993),
113-126.
[6] R. Hamilton; A compactness property for solutions of the Ricci flow, Amer. J. Math. 117 (1995),
no. 3, 545–572.
[7] R. Hamilton; The formation of singularities in the Ricci flow, Surveys in differential geometry,
Vol. II (Cambridge, MA, 1993), 7-136, Int. Press, Cambridge, MA, 1995.
[8] G. Huisken; Asymptotic behavior for singularities of the mean curvature flow, J. Differential
Geom. 31 (1990), no. 1, 285-299.
[9] P. Li, S. T. Yau; On the parabolic kernel of Schro¨dinger operator, Acta. Math 156 (1986),
153–201.
[10] J. Morgan, G. Tian; Ricci flow and the Poincare´ conjecture, Clay Mathematics Monographs, 3.
American Mathematical Society, Providence, RI; Clay Mathematics Institute, Cambridge, MA,
2007.
[11] R. Osserman; Global properties of minimal surfaces in E3 and En, Ann. of Math. (2) 80 (1964),
340-364.
[12] R. Schoen, S. T. Yau; Lectures on Differntial Geometry, Conference Proceedings and Lecture
Notes in Geometry and Topology, I. International Press, Cambridge, MA, 1994.
[13] L. Simon, Asymptotics for a class of nonlinear evolution equations, with applications to geo-
metric problems, Ann. of Math. (2) 118 (1983), no. 3, 525–571.
Department of Mathematics, University of British Columbia, Vancouver, B.C.,
V6T 1Z2, Canada
E-mail address : jychen@math.ubc.ca
E-mail address : whe@math.ubc.ca
